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LINKAGE OF FINITE Gc-DIMENSION MODULES 


ARASH SADEGHI 


Abstract. Let i? be a semiperfect commutative Noetherian ring and C a semidualizing R- 
module. We study the theory of linkage for modules of finite Gc-dimension. For a horizontally 
linked i?-module M of finite Gc-dimension, the connection of the Serre condition {Sn) with the 
vanishing of certain relative cohomology modules of its linked module is discussed. 


1. Introduction 

The theory of linkage of algebraic varieties was introduced by C. Peskine and L. Szpiro [18] . 
Recall that two ideals o and b in a Gorenstein local ring R are said to be linked by a Gorenstein 
ideal c if c C a n b such that a = (c) : b and b = (c) : o. The first main theorem in the theory 
of linkage was due to G. Peskine and L. Szpiro. They proved that over a Gorenstein local ring 
R with linked ideals a and b, R/a is Cohen-Macaulay if and only if R/b is. They also gave a 
counter-example to show that the above statement is no longer true if the base ring is Cohen- 
Macaulay but non-Gorenstein. Attempts to generalize this theorem lead to several development 
in linkage theory, especially by C. Huneke and B. Ulrich m and |13j). In [201 Theorem 4.1], 
Schenzel proved that, over a Gorenstein local ring R with maximal ideal m, the Serre condition 
(Sr) for R/a is equivalent to the vanishing of the local cohomology groups HJ,^(R/b) = 0 for all 
i, dim(ii/b) — r < i < dim(i2/b), provided a an b are linked by a Gorenstein ideal c. 

In [17], Martsinkovsky and Strooker generalized the notion of linkage for modules over non- 
commutative semiperfect Noetherian rings. They introduced the operator A = flTr and showed 
that ideals a and b are linked by zero ideal if and only if R/a = X{R/b) and R/b = X{R/a) [T71 
Proposition 1]. 

In [4] and [5], Dibaei and Sadeghi studied the theory of linkage for modules of finite Gc- 
dimension. In this paper, we continue our study and obtain new results in this direction. 

Now we describe the organization of the paper. In Section 2, we collect preliminary notions, 
definitions and some known results which will be used in this paper. 

In Section 3, for a horizontally linked R-module M, the connections of its invariants Gc- 

dimension, depth and relative reduced grade with respect to a semidualizing module are studied. 

r.grade2; (AM) 

The associated prime ideals of Extj^ ^ [XM, R) is determined in terms of M, for any 
horizontally linked module M (see Lemma I3.4p . As a consequence, it is shown that under 
certain conditions the depth of a horizontally linked module is equal to the relative reduced 
grade of its linked module. For a horizontally linked R-module M of finite Gc-dimension, the 
connection of the Serre condition (Sn) with the vanishing of certain relative cohomology modules 
of its linked module is studied. As a consequence, we obtain the following result for the linkage 
of ideals (see also Theorem 13.171 for more general case). 
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Theorem 1.1. Let (-R, m) he a loeal ring, C a semidualizing R-module and a a Gc-perfeet ideal 
of R of grade m. Set S = R/a, K = Extf^{S,C). Assume that the ideals I and J are linked 
by ideal a sueh that K/JK satisfies Si. If idsp{Kp) < oo for all p G X^(S) then the following 
statements hold true. 

(i) R/I is Gc-perfect if and only if K) = 0 = Extj^(i?/J, R/a) for all i > 0. 

(tt) IfG c-d\m{R/1) < oo, then R/I satisfies Sn if and only if Extj^(i?/J, i?/a) = 0 for all i, 
0 < i < n. 

(Hi) If depth R/a > 2, {R/I)p is Gc^-perfeet for all p G Spec(R) — {m}, then 

Ext^^(R/J,R/a)^K(R/I) 
for all i, 0 < i < depth R/a. 

In Section 4, we study the theory of linkage for modules in the Auslander class. For a semid- 
ualizing i?-module C and a stable i?-module M, it is shown that if M € Ac and idRp(C'p) < oo 
for all p G SpecR with depth Rp < n — 2, then M is an n-th syzygy module if and only if M is 
horizontally linked and Ext^(AM, C) = 0 for all i, 0 < z < n(see Corollary 14.21) . 

In Section 5, the connection of the Serre condition {Sn) on an i?-module of finite G ^-dimension 
with the vanishing of the local cohomology groups of its linked module is discussed. Let R be 
a Cohen-Macaulay local ring R with canonical ojr and C a semidualizing i?-module. For a 
module M of finite Gc-dimension, it is shown that M satisfies the Sn (i.e. depthjij^ (Mp) > 
min{n, depth iip} for all p G Supp^(M)) if and only if Ext^’p^i/TrcM^ojn) = 0 for all z, I < z < n 
(see Theorem l5.2p . As a consequence, we can generalize the Schenzel’s result for modules of finite 
Gc-dimension. For a semidualizing module C and a stable module M over a Cohen-Macaulay 
local ring R, it is shown that if Gc-dimj:j(M) < oo and Hom/j(M, C) = 0 then M satisfies Sn if 
and only if M is horizontally linked and H(„(AM iX>i? C) = 0 for all z, dimi? — n < i < dimi?. 
As an application of our study, we obtain the following result (see also Corollary 15.81 for more 
general case). 

Theorem 1.2. Let {R,m) be a Cohen-Macaulay local ring, C a semidualizing R-module and 
c a Gc-Gorenstein ideal of R. Assume that M, N two R/c-modules such that M ^ N. If 

C 

Gc-dim^(M) < oo, then the following statements hold true. 

(a) The following are eguivalent: 

(i) M is Cohen-Macaulay; 

(ii) N is Cohen-Macaulay; 

(Hi) M satisfies (Sn) for some n > depth(i?/c) — depth^/|.(AI); 

(iv) N satisfies (Sn) for some n > depth(i?/c) — depth^/^(M). 

(b) If dAmR/c > 2, then M is generalized Cohen-Macaulay if and only if N is. Moreover, if M 
is generalized Cohen-Macaulay, then 

H^(M) ^ Ex4/^(iV, R/c) for alli,0<i< d. 

In particular, if M is not maximal Cohen-Macaulay then depthj:j(M) = r. gradej:j/j(iV). 
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2. Preliminaries 

Throughout the paper, P is a commutative Noetherian ring and all i?~modules M, N, ■ ■ ■ 
are finite (i.e. finitely generated). Whenever, R is assumed local, its unique maximal ideal is 
denoted by m. 

f 

For a finite presentation Pi ^ Pq ^ 0 of an P-module M, its transpose, TrM, is 

defined as Coker/*, where (—)* := HomR(—,P), which satisfies in the exact sequence 

(2.1) 0 ^ M* ^ Po* ^ Pi* ^ TrM ^ 0. 

Moreover, TrM is unique up to projective equivalence. Thus all minimal projective presentations 
of M represent isomorphic transposes of M. The syzygy of a module M, denoted by flM, is the 
kernel of an epimorphism P A M, where P is a projective P~module, so that it is unique up to 
projective equivalence. Thus QM is uniquely determined, up to isomorphism, by a projective 
cover of M. 

Martsinkovsky and Strooker m generalized the notion of linkage for modules over non- 
commutative semiperfect Noetherian rings (i.e. finitely generated modules over such rings have 
projective covers). They introduced the operator A := flTr and showed that ideals a and b are 
linked by zero ideal if and only if P/a = A(P/b) and R/b = A(P/a)[T7l Proposition!]. 

Definition 2.1. [T71 Definition 3] Let R be a semiperfeet ring. Two R-modules M and N are 
said to he horizontally linked if M = \N and N = AM. Also, M is ealled horizontally linked 
(to XM) if A^M. 

Note that a commutative ring P is semiperfect if and only if it is a finite direct product 
of commutative local rings m Theorem 23.11]. A stable module is a module with no non¬ 
zero projective direct summands. Let P be a semiperfect ring, M a stable P-module and 
Pi —)• Pq —)• M —>■ 0 a minimal projective presentation of M. Then Pg* —>■ Pf —)• TrM —>■ 0 

is a minimal projective presentation of TrM [H Theorem 32.13]. The following induced exact 
sequences 

(iTTlll 0 —> M* —^ Pg* —> XM —^ 0, 

(I2T12) 0 —> XM — > Pf —^ TrM —^ 0, 

which will be quoted in this paper. 

An P-module M is called a syzygy module if it is embedded in a projective P-module. Let 
i be a positive integer, an P-module M is said to be an fth syzygy if there exists an exact 
sequence 

0 ^ M ^ Pi_i ->•••-)> Po 

with the Pq, • • • , Pj-i are projective. By convention, every module is a 0th syzygy. 

Here is a characterization of a horizontally linked module. 

Theorem 2.2. [171 Theorem 2 and Proposition 3] Let R be a semiperfect ring. An R-module 
M is horizontally linked if and only if it is stable and Ext)j(TrM, P) = 0, equivalently M is stable 
and a syzygy module. 

Definition 2.3. An R-module C is ealled a semidualizing module, if the homothety morphism 
R —> Homj:j(C', C) is an isomorphism and Ext):j(C', C) = 0 for all i > 0. 
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Semidualizing modules are initially studied in [6] and [9]. It is clear that R itself is a semid- 
ualizing i?-module. Over a Cohen-Macaulay local ring i?, a canonical module ojr of i? is a 
semidualizing module with finite injective dimension. 

f 

Let C be a semidualizing i?-module, M an i?-module. Let Pi ^ Pq ^ M ^ Ohe a projective 
presentation of M. The transpose of M with respect to C, Tr^M, is defined to be Coker/^, 
where (—)^ := Hom/j(—,C), which satisfies the exact sequence 

mi ^P^ ^ P^ JrcM 0. 

By [6l Proposition 3.1], there exists the following exact sequence 

(lT3l2i 0 ^ ExtJj(TrcM, C) ^ M ^ Ext|(TrcM, C) 0. 

The Gorenstein dimension has been extended to G c-dimension by Foxby in [6] and by Golod 

in [9]. 

Definition 2.4. An R-module M is said to have Gc-dimension zero if M is C-reflexive, i.e. 
the canonical map M is bijective and Ext^(M, C) = 0 = Ext^(M^, C) for all i > 0. 

A Gc-resolution of an i?-module M is a right acyclic complex of Gc-dimension zero modules 
whose 0th homology is M. The module M is said to have finite Gc-dimension, denoted by 
Gc-dim/j(M), if it has a Gc-resolution of finite length. 

Note that, over a local ring R, a semidualizing i?~module C is a canonical module if and only 
if Gc-dimj:j(M) < oo for all finitely generated i?-modules M (see [SI Proposition 1.3]). 

In the following, we summarize some basic facts about Gc-dimension (see [9| for more details). 

Theorem 2.5. For a semidualizing R-module C and an R-module M, the following statements 
hold true. 

(i) Gc-dim/^(M) = 0 if and only if Ext^(M, C) = 0 = Ext^(TrcM, C) for all i > 0; 

(ii) Gc-dim^(M) = 0 if and only i/Gc-dim^(TrcM) = 0; 

(in) //Gc-clim^(M) < oo then Gc-dim^(M) = sup{i | Ext^(M, G) / 0, i > 0}; 

(iv) If R is local and Gc-dimR(M) < oo, then Gc-dim^(M) = depth ii — depth^(M). 

Definition 2.6. Let C be a semidualizing R-module. The Auslander class with respect to C, 
denoted Ac, consists of all R-modules M satisfying the following conditions. 

(i) The natural map fa : M —;► Hom/j(C, M 0/j C) is an isomorphism; 

(ii) Torf (M, C) = 0 = ExP^(C, M C) for all i > 0. 

Dually, The Bass class with respect to C, denoted Be, consists of all R-modules M satisfying 

(i) The natural evaluation map fi : C Hom/j(C, M) —M is an isomorphism; 

(ii) Torf {Ham r{C,M),C) = 0 = PkTr{C,M) for all i > 0. 

In the following we collect some basic properties and examples of modules in the Auslander 
class and Bass class with respect to a semidualizing module which will be used in the rest of 
this paper. 

Example 2.7. (i) If any two R-modules in a short exact sequence are in Ac, respectively Be, 

then so is the third one [6l Lemma 1.3]. Hence, every module of finite projective dimension 
is in the Auslander class Ac- Also the class Be, contains all modules of finite injective 
dimension. 
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(a) Over a Cohen-Macaulay local ring R with canonical module ojr, M € if and only if 
G-dim/j(M) < oo [3 Theorem 1], 

(Hi) The Xc-injective dimension of M, denoted Xc-Mr{M), is less than or equal to n if and 
only if there is an exact sequence 

O^M ^ HomR(C,/°) ^-^ HomR{C,r) 0, 

such that each P is an injective R-module [211 Corollary 2.10]. Note that if M has a finite 
Xc-injective dimension, then M G Ac [SIl Corollary 2.9]. 

(iv) Let R be a Cohen-Macaulay local ring with canonical module ljr and let C be a semidual- 
izing R-module. It is well-known that := Hom/{(C, w/j) is a semidualizing R-module. 
For an R-module M, Gc-dim^(M) < oo if and only if M ^ Ac^ [TOl Theorem 4.6]. 

The class of C-injective modules is defined as follows 

Xc = {Homi{(C',/) I I is injective}. 

The class Xc is preenveloping. Then each i?-module has an augmented proper Xc-coresolution, 
that is, an i?-complex: 

y+ = 0 ^ M ^ To ^ ^ • 

such that X) is exact for all X eXc. The truncated complex 

0 ^ To ^ ^ • 

is a proper X( 7 -coresolution of M. 

Definition 2.8. [2T] Let C be a semidualizing R-module, and let M and N be R-modules. Let 
J be a proper Xc-coresolution of N. For each i, set 

Ext^^iM,N) :=H_,(HomR(M,J)). 

Theorem 2.9. [21t Theorem 4.1 and Corollary 4.2] Let C be a semidualizing R-module, and 
let M and N be R-modules. There exists isomorphism 

Ext^^(M, N) ^ Ex4(C M, C ®r N) 

for all i > 0. Moreover, if M and N are in Ac then = Ext}j(M, A^) for all i > 0. 

The relative reduced grade of a module M with respect to a semidualizing C defined as follows 
r. grade 2 :^(M) := inf{i > 0 | Extj^(M, i?) / 0}. 

We denote by r. grade(M) the reduced grade of M with respect to R. Note that if M G Ac then 
r. gradej^ (M) = r. grade(M) by Theorem 12.91 

Definition 2.10. Let M and N be finitely generated R-modules. Denote by I3{M, N) the set of 
R-homomorphisms of M to N which pass through free modules. That is, an R-homomorphism 
f : M ^ N lies in f3{M, N) if and only if it is factored as M ^ F ^ N with F free. We denote 

Homp fM. N) = HomR{M,N)/j3{M,N). 


By |23l Lemma 3.9], there is a natural isomorphism 
(i2T0l ll Homp fM, N) ^ Torf (TrM, N). 
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Throughout, (7 is a semidualizing i?"module and we denote (—)^ as the dual functor (—)^ := 

Hom/j(—, C). Two i?-modules M and N are said to be stably equivalent with respect C, denoted 

M ~ A^, if C” 0 M = C™ © N for some non-negative integers m and n. We write M k, N when 
c 

M and N are stably equivalent with respect R. For A: > 0, set := TrcO^"^. 

j 

Remark 2.11. (i) Let R be a semiperfect ring, M an R-module. Assume that Pi ^ Po ^ 

M —> 0 is the minimal projective presentation of M. There exists a commutative diagram 

Pn ® C -^ P; 0 C -^ TrM 0 C -^ 0 

R R R 

P^ -^ TrcM -^ 0 

with exact rows. Therefore, TrM 0 (7 = Tr^M. 

R _ 

(a) Set XcM := imf'^. If Horn p (M. C) = 0, then Torf(TrM,(7) = 0 by Ii2.10[ l). Now it is 
easy to see that XqM = AM 0/{ (7 and so we have the following isomorphisms: 

(AM, R) ^ Extij(AM (S>r C, C) 

^Ex4(AcM,C) 

^ExT+HTrcM,C), 

for all i > 0, where the first isomorphism follows from Theorem \2.!A 
(Hi) For an R-module M and positive integer n, there are exact sequences 

0 ^ Ext^(M, (7) ^ TnM ^ L ^ 0, 

0 ^ L -5^ 0(7 ^ 0 

In [n], C. Huang and Z. Huang introduced Gorenstein transpose of a module and investigated 
the relations between the Gorenstein transpose and the transpose of the same module. In m, 
Liu and Yan extended the notion of Gorenstein transpose to (7-Gorenstein transpose as follows. 

For a finite Gc-projective presentation vr : Xi —> Xq —>■ M —)• 0 of an P-module M, its 
(7-Gorenstein transpose, Tr^^M, is defined as Coker/^, where (—)^ := Hom/j(—,(7), which 
satisfies in the exact sequence 

(2.2) 0 ^ M"^ ^ ^ Xf 0. 

Lemma 2.12. For an R-module M, there exists the following exact sequence 

0 —> M —> Trc'(TrcM) —> X —>■ 0, 

where Gc-dim^(Y) = 0. 

Proof. Let Pi ^ Pq ^ 0 be a projective presentation of M. By applying the functor 

{—Y = Hom/j(—,(7), on the projective presentation of M, we obtain a Gc-projective presenta¬ 
tion of Tr^M, TT : (Pq)^ —> (Pi)^ —> Tr^M —> 0. By applying the functor (—on vr we obtain 
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the following commutative diagram: 

Pi -Pq -^ ^ 0 

> pvv -^ Tr^jTrcM) -^ 0 

with exact rows. Therefore, M = Now the assertion is clear by [151 Proposition 

4.2], □ 

Let M be an P-module. For a generating set {/i, / 2 ,..., fn} of = Homij(M, C), denote 
f : M ^ C'"' as the map (/i,..., fn)- It follows from (|2.3[ 2i that / is injective if and only if 
Ext)j(TrcM, C) = 0. Note that when / is injection, then there is an exact sequence 

where N = Coker(/). It is easy to see that, in this situations, the above exact sequence is dual 
exact with respect to and so ExtJ^(A^, C) = 0. Such an exact sequence is called a universal 
pushforward of M with respect to C. 

Definition 2.13. [16] An R-module M is said to satisfy the property Sk i/depth^^ (Mp) > 
min{/c, depth Pp} for all p € SpecP. 

Note that, for a horizontally linked module M over a Cohen-Macaulay local ring P, the 
properties Sk and {Sk) are identical. 

For a positive integer n, a module M is called an nth C-syzygy module if there is an exact 
sequence 0 M Ci C 2 C„, where Ci = ©’"“C for some m*. 

Let X be a subset of SpecP. An P-module M is said to be of finite Gc-dimension on X, if 
Gcp-dimRp(Mp) < 00 for all p G X. We denote X^{R) := {p € Spec(P) | depth Pp < n}. 

Recall that an P-module M is n-torsion free if Ext^(TrM, P) = 0 for all i, 1 < i < n. In 
[21 Theorem 4.25], Auslander and Bridger proved that an P-module M of finite Gorenstein 
dimension is n-torsion free if and only if M satisfies Sn (See also [16[ Theorem 42]). In [5l 
Proposition 2.4], Dibaei and Sadeghi generalized this result as follows. 

Theorem 2.14. Let M he an R-module. For a positive integer n, consider the following state¬ 
ments. 

(i) Ext)^(TrcM, C) = 0 for all i, 1 < i < n. 

(ii) M is an nth C-syszygy module. 

(hi) M satisfies Sn- 

Then the following implications hold true. 

(a) (i)^(ii)^(iii). 

(b) If M has finite Gc-dimension onX"'“^(P), then (iii)^(i). 

Remark 2.15. (i) By [191 Theorem 10.62], there is a third quadrant spectral sequence 

Ef’'? = Ext^ (Torf(TrM,C),C') ^ ExtP+''(TrM, P). 

Hence we obtain the following exact sequence 

0 ^ Ext)j(TrM ©ij C, C) Ext)j(TrM, P), 


pvv 
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by [la Theorem 10.33]. If M is horizontally linked, then Ext}j(TrM, i?) = 0. Therefore 
Ext^(TrcM, C) ^ Ext|j(TrM C, C) = 0. 

(a) IfJrM € Ac then Torf (TrM, C) = 0 for all i > 0. Hence = 0 for all q > 0. Therefore, 
the spectral sequence collapses on p-axis and so 

Ex4(TrcM, C) ^ Ext*R(TrM C, C) ^ Ext^(TrM, R), 

for all i > 0. 

Lemma 2.16. [5l Lemma 2.11] Let R be a local ring, n > 0 an integer, and M an R-module. 
If M & Ac, then the following statements hold true. 

(i) depth^(M) = depth^(M ®r C) and d\m.R{M) = dimij(M ®r C); 

(a) M satisfies (Sn) if and only if M ^rC does; 

(Hi) M is Cohen-Macaulay if and only if M ®rC is Cohen-Macaulay. 

3. Linkage of modules and relative cohomology 

In this section, for a horizontally linked i?-module M, the connections of its invariants Gc- 
dimension, depth and relative reduced grade with respect to a semidualizing module are studied. 
In the following, we investigate the relation between the Serre condition Sn on a horizontally 
linked module with the vanishing of certain relative cohomology modules of its linked module. 

Proposition 3.1. Let R be a semiperfect ring, M a horizontally linked R-module and 
Horri i^fM. C) = 0. The following statements hold true: 

(i) Gc-dim/j(M) = 0 if and only if ExTr{M,C) = 0 = Extj^(AM, ii) for all i > 0; 

(a) If Gcp-dimRp(Mp) < oo for all p G X"'~^{R), then M satisfies Sn if and only if 
Extj^ (AM, R) = 0 for all i, 0 < i < n. 

Proof. As M is horizontally linked, Ext|j(TrcM, C) = 0 by Remark l2.15lf iL We have the follow¬ 
ing isomorphism: 

^1) Ex4^(AM, R) ^ ExT^^(TrcM, C), 

for alH > 0 by Remark l2.11lf iiL 

(i) By Theorem 12. 5lf iL G( 7 -dim^(M) = 0 if and only if Ext5:j(M, C) = 0 = Ext)j(TrcM, C) for 
all z > 0 and this is equivalent to say that ExTr{M,C) = 0 = Extj^(AM, ii) for all z > 0 by 
(I3T11). 

(ii) By Theorem 12.141 M satisfies Sn if and only if Ext^(TrcM, C) = 0 for all z, 1 < z < n 

and this is equivalent to say that Extj^(AM, i?) = 0 for all z, 0 < z < n by (|3.1l ll. □ 

Corollary 3.2. Let R be a local ring and M a horizontally linked R-module of finite Gc- 
dimension. If Horn r(M, C) = 0, then Gc'-dimj:j(M) = 0 if and only if Extj^(AM, R) = 0 for all 
L 1 < f < depth(R). 

Proof. This is an immediate consequence of Proposition 13.11 and Theorem 12. SI fivl. □ 

Corollary 3.3. Let R be a Cohen-Macaulay local ring with canonical module ojr and M a 
horizontally linked R-module. If Horn AM.uk) = 0, then M is maximal Cohen-Macaulay if and 
only if Extj^^(AM, R) = 0 for all i, 1 < i < dim(R). 
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In the following, for a horizontally linked module M of finite and positive Gc-dimension, we 

r.gradej-^ (AM) 

express the associated primes of the Extj^ (AM, R) in terms of M. 

Lemma 3.4. Let R be a semiperfect ring and let M he a horizontally linked module of finite 
and positive Gc-dimension. Set n = r. grade 2 :^(AM). Iff\ovn^{M,C) = 0 then 

AssR{Ext!f^{XM, R)) = {p € Spec(i?) | Gcj,-dimRp(Mp) 0, depth^^ (Mp) = n = r. gradej^^ ((AM)p)}. 

Proof. As M is horizontally linked, Ext]^(TrcM, C) = 0 by Eemark l2.15l( i). We have the follow¬ 
ing isomorphism: 

(iMll) Ex4^(AM,i?) ^ Ext^^(TrcM,C), 

for alH > 0 by Remark l2.1in i). Set N = Tr^M. Let • • • ^ Pj —)■ • • • —)> Pq A" 0 be the 
minimal projective resolution of N. As n = r. gradei^(AM), Extfi{N,C) = 0 for all i, 1 < i < n 
by (I3.41 11. Hence by applying functor (—)^ = Hom/j(— ,(7) on the minimal projective resolution 
of N, we obtain the following exact sequences: 


(1311121 

0 —>■ Tr^A —7> (P2)'^ ^ (Pn+l)'^ —>■ Tn+l 

(1311131 

0 ^ Ext^+^A, C) ^ 7;^iA ^ L ^ 0, 

(1311141 

0 ^ L ^ ©C Tn+2^ 0- 


Assume that p G Assi{(Ext5^(AM, C)). It is clear that n = r. grade^^^ ((AM)p). By (|3.4I Il. 
p € AssR{Extf^^{N,C)). It follows from the exact sequence (13.41 31 that depth^^ A)p = 0. 
If Gcp-dimRp(Mp) = 0, then Ext}^^(Ap, Cp) = 0 for all i > 0 by Theorem I2.5l il which is a 
contradiction. Hence Gc'p-dimRp(Mp) 7 ^ 0. By Proposition 13. 11 M satishes Sn and so depth Pp > 
n. Note that depth^^ (((P^j'^jp) = depth^^(Cp) = depth Pp for all i. By localizing the exact 
sequence (13.41 21 at p, we conclude that depthjj^((TrcA)p) = n. By Lemma 12.121 we have the 
following exact sequence 

(1314151 0 ^ M ^ TrcA ^ X ^ 0, 

where Gc-dim^(X) = 0. By localizing the exact sequence p.41 51 at p, we conclude that 
depths^ (Mp) = n. 

Now assume that p G SpecP such that Gcp-dimRp(Mp) 0 and depthj:j(Mp) = n = 
r. gradej^ ((AM)p). It follows from Theorem l2.5H v) that depth Pp > n. By localizing the exact 
sequence (13.41 51 at p, we conclude that depth^^ ((TrcA)p) = n. By localizing the exact sequence 
(|3.41 2l at p, it is easy to see that depthj:jp((7^'^iA)p) = 0. As depth(Cp) = depth Pp > 0, 
we conclude from the exact sequence ()3.4[ 4l that depth^^(Lp) > 0. It follows from the exact 
sequence (j3.41 3l that depth^^ (Ext^’^^(A, Cjp) = 0. In other words, p G AssR(Ext^'^^(A, C)) = 
Assjj(Ext5^(AM,C)). □ 

Proposition 3.5. Let R be a semiperfect ring and let M be a horizontally linked R-module of 
finite Gc-dimension. If Horn p(M. Cl =0, then 


r.gradex^iXM) = infldepth^^(Mp) | p G Spec(P), Gc'p-dimRp(Mp) 0}. 
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Proof. By Proposition ED^i), w6 nicLy nssuinG thnt ^ 0. Sot n — r. 

By Proposition 13.llf iii. M satisfies 5„. Hence, 

(j3.51 1i depth^p (Mp) > min{depth i?p, n} 

for all p G Speci?. Now let p € Speci? with Gcp-dimRp(Mp) ^ 0. It follows from p.5l li 
and Theorem I2.5l iv) that depth i?p > n. Therefore, we have n < inf{depth^ (APp) | p G 
Speci?, G-dim^p(Mp) 7 ^ 0 }. 

On the other hand, by the Lemma (3^ if p G Assi?(Ext5^(AM, ii)) then Gc'p-dimRp(Mp) / 0 
and depth^^(Mp) = n and so the assertion holds. □ 

The reduced grade of a module M with respect to a semidualizing C defined as follows 

r. grade(M, C) := inf{z > 0 | Ext5:j(M, C) / 0}. 

If Ext^(M, C) = 0 for all i > 0, then r. grade(M, C) = + 00 . Note that if M has a finite and 
positive Gc-dimension, then r. grade(M, C) < Gc'-dimj:j(M) by Theorem l2.5lf iiiL For a subset 
X of Speci?, we say that M is of G^-dimension zero on X, if G( 7 p-dimRp(Mp) = 0 for all p in X. 
The following result is a generalization of [Sj Proposition 4.14] 

Proposition 3.6. Let R be a semiperfect ring and let M be a horizontally linked R-module 
of finite and positive Gc-dimension such that Horn r(M, C) = 0. Set n = r. grade(M, C) -|- 
r. gradej^ (AM). Then M is of Gq- dimension zero on X"'~^{R). 

Proof. Set m = r. gradei^(AM). Assume contrarily that Gcp-dimRp(Mp) / 0 for some p G 
A"'“^(i?). By Proposition I3.1lf iii. M satisfies Sm- Hence, 

(13.61 1) depth^^(Mp) > min{depth i?p,m} 

for all p G Speci?. If depth i?p < m, then Gc'p-dimRp(Mp) = depth i?p — depth^p(Mp) = 0 by 

(13.61 1) . which is a contradiction. If depth i?p > m, then depthjij^ (Aip) > m by (13.61 1). Therefore, 

n-m< r. grade(Mp,C'p) < Gc'p-dimRp(Mp) = depth i?p - depthjij^ (Mp) < n - m - 1, 
which is a contradiction. □ 

For an i?-module M, set 

NGc(M) = {p G Spec(i?) | Gcp-dimRp(Mp) / 0}. 

The following result is a generalization of [H Theorem 2.7]. 

Proposition 3.7. Let R he a local ring, M a horizontally linked R-module with 0 < 
Gc-dim^(M) < 00 . If Horn r(M. C) = 0 then the following conditions are equivalent. 

(i) depthj:j(M) = r.grade;j^(AM); 

fiij m G Assi?(Ext 2 ;^ \xM,R)); 

(Hi) depthj:j(M) < depth^^(Mp), for each p G NGc(M). 

Proof. Set t = r. grade 2 ;( 7 (AM). By Proposition 13.ll ii). M satisfies St. Hence, 

(|3.7[ 1) depth^^(Mp) > min{t, depth i?p} 

for all p G Speci?. Therefore t < depth i?p for all p G NGc(M). 

(i) (ii). This follows from Lemma 13.41 
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(m) {in). Let p € NGc(M). By Lemma [3~il and ()3.7l lL 

depth^(M) = r.grade;j^(AM) < depth^^(Mp). 

{iii) => {i). By (I3.7I 1L depth^(M) > t. On the other hand, if p € AssR(Extj^(AM, 72)) then 
p G NGc(M), depth^p(Mp) = t by Lemma [3^ Hence depth^(M) <t. □ 

Theorem 3.8. Let (72, m) he a local ring of depth d > 2 and let M be a horizontally linked 
R~module such that Horri f^fM. C) = 0. The following statements hold true. 

(i) 7/Gcp-dimRp(Mp) = 0 for all p G Spec(72) — {m} then 7(Extj^(AM, 72)) < oo for all i > 0. 

The converse is true i/Gc-dim^(M) < oo; 

(a) If Gc'p-dimRp(Mp) = 0 for all p G Spec(72) — {m}, then 

Ex4(AM,72)-H;,(M) 

for all i, 0 < i < d. In particular, if 0 < Gc'-dimfl(M) < oo then r.grade^^(AM) = 
depth^(M). 

Proof. As M is horizontally linked, Ext]^{TrcM, C) = 0 by Remark 12. ISf il. We have the follow¬ 
ing isomorphism: 

(iMll) Ex4^(AM, 72) ^ Exf+\jrcM, C), 

for alH > 0 by Remark l2.1lH i'). 

(i) . If Gcp-dimRp(Mp) = 0 for all p G Spec(72) — {tn}, then Ext):j(Trc'M, C')p = 0 for all z > 0 
and all p G Spec(72) —{tn} by Theorem l2.5l il. It follows from (13.81 11 that 7/j(Ext^^(AM, 72)) < oo 
for all i > 0. On the other hand, if 7R(Extj^(AM, 72)) < oo for alH > 0 then Ext}^(TrcM, C')p = 0 
for alH > 0 and all p G Spec(72) — {m} by using ()3.8l ll again. By Theorem 12.141 Mp satisfies 
Sn for all n and all p G Spec(72) — {m}. Hence, if Gc-dim^(M) < oo then Gcp-dimRp(Mp) = 
depth 72p — depth^^(Mp) = 0 for all p G Spec(72) — {m} by Theorem 12.5l ivl. 

(ii) . Set N = Tr^M. By Remark 12. lll iiil. we have the following exact sequences: 

(1TK121 0 ^ Ex4(Ai, C) TfN ^ ^ 0, 

(13:8131 0 ^ Li ^ ©C ^ 7;+iA^ ^ 0, 

for all i > 0. By part (i) and (|3.8l ll. ExT‘^{N,C) is of finite length for all z > 0. By applying 
the functor rm(—) on the exact sequences (|3.8l 2l and (13.81 31. we get 

(j3.81 4l Ei^{T^iN) = H-^(Li_i) for all i and j, with 1 < j < d, z > 2, 

(1^51 Ex4(A^, C) = rn,(Ex4(A^, C)) ^ T^{TfN) for all i > 2, 

and also 

dSSle) ElUTfN) ^ H^+HLi_i) for all z and j, 0 < j < d - 1, z > 2. 

By Lemma 12.121 we have the following exact sequence 

0^ M ^ TfN A 0, 

where Gc-dimi:j(A) = 0. By applying the functor rm(—) on the above exact sequence, we get 
the following isomorphism 

(1337) ^UTfN) ^ HUM) for all j, 0 < j < d. 
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Now by using (|3.8l li. (I3.8[ 4i. (I3.8l 5i. (|3.8[ 6i and (|3.8l 7i we obtain the result. □ 

As an immediate consequence, we have the following results. 

Corollary 3.9. Let {R,m) be a Cohen-Macaulay local ring of dimension d > 2 with canonical 
module ur and let M be a horizontally linked R-module such that Horn p (M, cor) = 0. The 
following statements hold true. 

(1) M is generalized Cohen-Macaulay if and only i/£(Extj^(AM, i?)) < oo for all i > 0; 

(2) If M is generalized Cohen-Macaulay, then 

Exti,JXM,R)^}il,{M) 

for all i, 0 < i < d. 

Proof. By [221 Lemma 1.2 , Lemma 1.4], M is generalized Cohen-Macaulay module if and only 
if Mp is a maximal Cohen-Macaulay module iip-module for all p G Spec(i?) — {m}. Now the 
assertion is clear by Theorem 13.81 □ 

Corollary 3.10. Let {R,xn) be a local ring of depth d > 2 and let M be a stable R-module. 
Assume that Gc'p-dimRp(Mp) = 0 for all p € Spec(i?) — {m} and that AM € Ac, then the 
following statements hold true. 

(i) M is horizontally linked if and only ifTyn{M) = 0. 

(ii) If M is horizontally linked, then Ext^(AM, i?) = }T^{M) for all i, 0 < i < d. In particular, 
if0< Gc'-dim^(M) < oo then r.grade(AM) = depth^(M). 

Proof, (i) As M is locally G c-dimension zero on the punctured spectrum, it follows from Theo¬ 
rem Eli) that Supp^(Ext)j(TrcM, C)) ^ {nx}. From the exact sequence (I2.31 2i. we obtain the 
following exact sequences: 

dSinil) 0 ^ Ex4(Trc-M, C) ^ M ^ L ^ 0, 

(lTTnl 2i 0 ^ L ^ ©C 

As depthjj(C') = d > 2, it follows from the exact sequence (|3. 101 21 that rm(L) = 0. By applying 
the functor rm(—) on the exact sequence (13.101 11. we get 

(I3T013) Ext)j(TrcM, C) ^ r,„(Ext|j(TrcM, C)) ^ r,„(M) 

Now the assertion is clear by (|3. 101 31. Theorem 12.21 and Remark 12.151 111. 

(ii). By Example 12.71 11. TrM € Ac and so Horn r (M. Cl = 0 by (12.101 11. Now the assertion 
is clear by Theorem 13.81 and Theorem 12.91 □ 

The following lemma will be useful for the rest of the paper. 

Lemma 3.11. Let R be a semiperfect ring and M a horizontally linked R-module. //idijp(C'p) < 
oo for p G X^, then the following are equivalent: 


(i) Horn f;(M, C) = 0; 

(ii) AM ®rC satisfies Si. 
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Proof. Consider the exact sequence 0 ^ AM —>■ F —>■ TrM —> 0. By applying the functor 
on the above exact sequence we obtain the following exact sequence: 

(13.111 11 0 Torf (TrM, C) —AM C ^ F C —)■ TrM (g)/? C —0. 

(i) =^>(ii) By (|2.10l ll. Torf(TrM, C) = 0 and so AM 0/j C is a first C-syzygy module by the 
exact sequence (13.111 1.1. Hence AM ®rC satisfies Si by Theorem 12.141 

(ii) ^(i) Assume, contrarily, that Torf(TrM, (7) = Hom^ i^fM. C) ^ 0 and that p € 
AssH(Torf (TrM, C)). By the exact sequence (13.111 11. depthjij^ ((AM (8 >kC)p) = 0- As AM ®rC 
satisfies Si, p G . By [21 Theorem 2.8], there exists the following exact sequence: 

(imi 2l 0 ^ Ext)j(7^(TrM), C) Torf (TrM, C) HomH(ExtJ^(TrM, R), C). 

As M is horizontally linked, ExtJ^(TrM, i?) = 0 by Theorem 12.21 As p € X^, Cp is in¬ 
jective. By localizing the exact sequence (|3. 111 21 at p, we conclude that Tor{^(TrM, Cjp = 
Ext)j(72(TrM), C)p = 0 which is a contradiction. □ 

Theorem 3.12. Let R be a semiperfect ring and let I , J he ideals of R which are linked by zero 
ideal. Assume that idj^|,(C'p) < oo for all p G X^{R) and that satisfies Si. The following 
statements hold true: 

(i) Gc-dim^(F//) = 0 if and only if Ext^(F//, C) = 0 = Extx^{R/J, R) for all i > 0. 

(tt) If G C'-dim^(i?//) < oo then R/I satisfies Sn if and only if Ext^^(i?/J, i?) = 0 for all i, 
Q < i <n. 

(Hi) If{R,m) is a local ring of depthd > 2 and Gc'p-dimRp((ii//)p) = 0 for allp G Spec(i?)—{m}, 
then 

Ext^^(F/J,F)-H^(F//) 

for all i, 0 < i < d. 

Proof. This is an immediate consequence of Lemma 13.111 Proposition 13.11 and Theorem 13.81 □ 

Let F be a Cohen-Macaulay local ring with canonical module ujr. If R is generically Goren- 
stein, then ujr can be identified with an ideal of R. For any such identification ur is an ideal of 
height one or equals R (see |3l Proposition 3.3.18]). 

Corollary 3.13. Let R he a Cohen-Macaulay local ring of dimension d with canonical module 
Ur. Assume that the ideals L and J are linked by zero ideal such that Jur = Jfl ur. Lf R is 
generically Gorenstein, then the following statements hold true: 

(i) R/L is Cohen-Macaulay if and only if Extj^^(ii/J, i?) = 0 for all i, 1 < i < d. 

(a) R/L satisfies Sn if and only if Extj^^(F/J, F) = 0 for all i, 0 < i < n. 

(Hi) If d>2 and R/I is generalized Cohen-Macaulay, then 

Ext^^jF/J,F)-H(jF//) 

for all i, 0 < i < d. 

Proof. If R is Gorenstein, then the assertion follows from eqi Theorem 4.1] and [201 Gorollary 
3.3]. Now assume that R is not Gorenstein. As R is generically Gorenstein and it is not 
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Gorenstein, ojji can be identified with an ideal of height one. The exact sequence 0 —>■ ujr —>■ 
R —>■ R/ur —)• 0 implies the exact sequence 

0 —)• Torf (ii/ J, R/ujr) R/J ®ojr^R/J^R/J®R/ojr^^. 

R R 

As 'Tovi{R/ J,R/ijJr) = = 0, we obtain the following exact sequence 

p.l3l ll 0 ^ R/J <Si ujR ^ R/J ^ R/J 0 R/ujr ^ 0. 

R R 

As J is linked by I, R/J is a first syzygy module. It follows from the exact sequence (j.S. 131 11 

that R/J ® tdR satisfies Si and so the assertion is clear by Theorem 13.121 □ 

R 

Recall that, for an R-module M we always have grade^(M) < Gc-dim^(M). The module 
M is called Gc-perfect if grade^(M) = Gc'-dim^(M). An R-module M is called Gc-Gorenstein 
if it is Gc-perfect and Ext^(M, C) is cyclic, where n = Gc-dim^(M). An ideal I is called Gc- 
perfect(resp.Gc-Gorenstein) if R/I is Gc-perfect(resp.Gc-Gorenstein) as R-module. Note that 
if / is a Gc-Gorenstein ideal of Gc-dimension n, then Ext^(i?/I, C) = R/I (see [9l 10]). 

We frequently use the following results of Golod. 

Lemma 3.14. [9l Corollary] Let R be a local ring and I an ideal of R. Assume that K is 
an R-module and that n is a fixed integer. If Ext]:j(R//, iG) = 0 for all j ^ n then there is 
an isomorphism of functors Ext):j^j(—, Ext^(R//, iG)) = Ext^’^*(—, iG) on the category of R/I- 
modules for all i > 0. 

Theorem 3.15. [U Proposition 5] Let R be a local ring, I a Gc-pcrfect ideal. Set K = 
C). Then the following statements hold true. 

(i) K is a semidualizing R/1-module. 

(ii) If M is a R/I-module, then Gc-dimi^(M) < oo if and only if GK-d\mR/j{M) < oo, and 
if these dimensions are finite then Gc-dimj:j(M) = grade(/) -|- Gx-dlmR/j{M). 

An i?-module M is said to be linked to an R-module N, by an ideal c of R, if c C annjj(M) n 
annij(N) and M and N are horizontally linked as i?/c-modules. In this situation we denote 
M ~ N |171 Definition 4]. The following is a generalization of [H Lemma 5.8]. 

C 

Lemma 3.16. Let R be a semiperfect ring, a a Gc-perfect ideal of R. For a horizontally linked 
R/a-module M, grade^(M) = grade(a). 

Proof. Set n = grade(o) and K = Ext^{R/a,C). As a C ann/{(M), grade^(M) > n. By Lemma 
13.141 Ext^(M, C) = Hom^/n(M, iG). If Homj:j/o(M, iG) = 0, then there exists an iG-regular 
element x in Sinnji/^{M) by [3l Proposition 1.2.3]. By Theorem 13.151 K is a semidualizing 
R/o-module and so Assr/^^K) = Ass^/n(i?/a). Hence, x is also an R/a-regular element and so 
Homjj/n(M, R/o) = 0 by [H Proposition 1.2.3]. It follows from the exact sequence (|2.11 11 that 
Xr/^M is free R/a-module, which is a contradiction. Therefore, Ext^(M, C) ^ 0. As C is a 
semidualizing R-module, every R-regular sequence is also C-regular sequence. Therefore, by O 
Proposition 1.2.10], we have 

gradej:j(M) = grade(annij(M), i?) 

< grade(ann/j(M), C) 

= inf{i > 0 I ExP^(M, C) / 0} 

< n. 
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□ 

Theorem 3.17. Let {R,m) be a local ring, a a Gc-perfect ideal of R and M, N two R/a- 

modules. Set K = (7). Assume that M ^ N and that Horn K) = 0. The 

following statements hold true. 

(i) M is Gc-perfect if and only if Extj^(A^, R/a) = 0 = Ext^^^(A^, K) for all i > 1; 

(a) If Gc-dim^(M) < oo, then M satisfies Sn if and only if Extf^{N, R/a) = 0 for all i, 

0 < i < n; 

(Hi) If depth R/a > 2 and Mp is Gq^- perfect for all p € Spec(-R) — {m}, then 

R/a) ^ for alli,d<i< depth R/a. 

In particular, if 0 < G;^-dimj:j/„(M) < oo then r. gradej^(A^) = depth^(M). 

Proof. By Theorem 13.151 K is a semidualizing i?/a-module and G;^-dim^/(j(M) < cxi if and only 
if Gc'-dim^(M) < oo. Note that M is Gc-perfect ii-module if and only if GK-d\m^i^[M) = 0 by 
Lemma 13.161 and Theorem 13. 15r iiL Now the assertion is clear by Proposition 13.11 and Theorem 

ESI □ 

We are now ready to prove Theorem ll.il which is stated in the introduction. 

Proof of Theorem 11.11 This is clear by Lemma 13.111 and Theorem 13.171 □ 

4. Auslander class 

In this section, we study the theory of linkage for modules in the Auslander class. For two 
l?-modules M and N, there exists the following exact sequence 

(4.1) 0 —^ ExtUTrM, N) — >M®N ^ E\omii{M*,N) —^ Ext|(TrM, N) —^ 0, 

R 

where e^ : M 'Si N ^ Hom/j(M*, N) is the evaluation map [21 Proposition 2.6]. 

R 

Theorem 4.1. Let M he an R-module. Assume that M € Ac and that n is a positive integer. 
Consider the following statements. 

(i) Ext^(TrM, C) = 0 for all i, 1 < i < n; 

(a) Ext^(TrM, 1?) = 0 for all i, 1 < i < n; 

(Hi) M is an n-th syzygy R-module. 

Then we have the following 

(a) (i)'t^ (a) => (Hi); 

(b) //G-dim^jp(Mp) < oo for all p G yA~‘^{R)(e.g. idij|,(C'p) < oo for all p G X"“^(l?)j, then all 
the statements (i)-(iii) are equivalent. 

Proof. (a).(i)^(ii) We argue by induction on n. Let Extlj(TrM, C) = 0. By the exact sequence 
m, we get the following exact sequence 

m 

0 —)■ M C —)■ . 

By applying the functor Homi^(C7, —) on the above exact sequence, we get the following exact 

m 

sequence, 0 —)• Homi^((7, M iS)r C) Homi^((7, ©C). As M G Ac, M = Hom/ 2 (C', M C) and 
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SO M is a first syzygy i?-module. Now let n > 1. By induction hypothesis Ext5:j(TrM, i?) = 0 
for alii, l<i<n — 1. Consider the following universal pushforward of M, 

O^M^F^N^O, 

where F is free and Ext]^{N, R) = 0. By [21 Lemma 3.9], we obtain the following exact sequence 

0 —> TrN —>• P —)• TrM —0, 

where P is a projective P-module. Therefore, Ext^(TrN, C) = Ext^^(TrM, C) = 0 for all i, 
1 < i < n — 1. By induction hypothesis Ext^(TrA^, P) = 0 for all i, 1 < i < re — 1 and so 
Ext^(TrM, P) = 0 for all i, 1 < i < re. 

(ii)=i>(i). This follows from (SJ Theorem 2.12]. 

(ii)^(iii). This follows from [161 Proposition 11]. 

(b) Follows from |TB1 Theorem 43]. □ 

Corollary 4.2. Let R be a semiperfect ring, M a stable R~module. Assume that M € Ac and 
that n is a positive integer. //G-dimrep (Mp) < oo for all p G X'^~‘^{R) (e.g. id/jpCCp) < oo for all 
p G yA~‘^{R)), then the following are equivalent. 

(i) M is an n-th syzygy module; 

(ii) M is horizontally linked and Ext^(AM, C) = 0 for all i, 0 < i < re. 

Proof. This is clear by Theorem 14.11 and Theorem 12.21 □ 

Note that every module of finite projective dimension is in the Auslander class with respect 
to C. As a consequence we have the following result. 

Corollary 4.3. Let R be a semiperfect ring, M a stable R-module of finite projective dimension 
and re a positive integer. The following are equivalent: 

(i) M satisfies Sn; 

(ii) M is an n-th syzygy module; 

(Hi) M is horizontally linked and Ext}j(AM, C) = 0 for all i, 0 < i < n and some semidualizing 
module C. 

Proof. This is clear by Theorem 14.11 Theorem 12.21 and |5l Theorem 2.12]. □ 

Let P be a Cohen-Macaulay local ring with canonical module ujn. It is well-known that 
Homre(C', wre) is a semidualizing P-module. 

Corollary 4.4. Let R be a Cohen-Macaulay local ring with canonical module uor, M a stable 
R~module. Set K := Homre(C', If E>c-A\m^{M) < oo and idrep(Pp) < oo for all p G , 
then the following are equivalent. 

(i) M satisfies Sn; 

(ii) M is an n-th syzygy module; 

(Hi) M is horizontally linked and Ext^(AM, K) = 0 for all i, 0 < i < re. 

Proof. This is an immediate consequence of Corollary 14.21 Example I2.7lf iv) and [U Corollary 
2.14]. □ 

Theorem 4.5. Let R be a semiperfect ring, M a horizontally linked R-module of finite Gc- 
dimension and AM G Ac(e.g. Ic-Ar{XM) < oo). Then the following are equivalent: 
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(i) G-dimi?(M) = 0; 

(ii) G-dimij(AM) = 0; 

(Hi) AM satisfies Sn for some n > depth R — depth^(M); 

(iv) Gc-dim^(M) = 0. 

Proof. The equivalence of (i) and (ii) follows from m Theorem 1]. 

(ii) ^(iii). This is clear by Theorem 12.51 

(iii) ^(iv). By [3 Theorem 4.6], r. grade(M, C) > n. Now assume contrarily that 

Gc'-dim/j(M) > 0. Hence we obtain the following inequality from Theorem 12.51 

n < r. grade(M, C) < Gc'-dimfl(M) = depth R — depth^(M), 

which is a contradiction. 

(iv) ^(i). By Example 12.7f ib TrM € Ac and so Ext^(TrM, i?) = Extj:j(Trc'M, C) = 0 for all 

i > 0 by Eemark 12.15^ 11) and Theorem I2.5lf i). As Gc-dim/j(M) = 0, Ext^(M, C) = 0 for all 
7 > 0 by Theorem 12.51 It follows from Theorem 14.11 that Ext^(M, i?) = 0 for all i > 0. Hence 
G-dim/j(M) = 0. □ 

Corollary 4.6. Let R be a local ring, c a Gc-perfect ideal of R and M, N two R/c-modules. 
Set K = Ext|[^‘^^^'^^(i?/c, C). Assume that M ~ N and that N € Ak- If Gc-d\mji{M) < oo, 
then the following statements hold true. 

(i) G-dimR/,(M) = 0; 

(ii) G-dim^/,(Ar^= 0; 

(Hi) N satisfies Sn for some n > depth R/c — depth^/^(M); 

(iv) M is Gc-perfect R-module. 

Proof. By Theorem 13.151 K is a semidualizing i2/a-module and Gx-dim^/g(M) < oo. Note that 
M is Gc-perfect i?-module if and only if G;f-dim^/(j(M) = 0 by Lemma 13.161 and Theorem 
l3.15l fiiL Now the assertion is clear by Theorem 14.51 □ 

5. SeRRE CONDITION AND VANISHING OF LOCAL COHOMOLOGY 

In this section we study the connection of the Serre condition {Sn) on a horizontally linked 
i?-module of finite G c-dimension with the vanishing of the local cohomology groups of its linked 
module. First we bring the following Lemma which is a generalization of [21 Proposition 2.6]. 

Lemma 5.1. Let M and N be R-modules. If N ^ Be, then there is a natural exact sequence 
0 ^ Ext)j(TrcM,Ar) ^ M (S)r Homi?(C,Al) ^ HomR(M^,A^) ^ Ex4(TrcM,iV) ^ 0. 

Proof. Let Pi Pq ^ M ^ 0 he a projective presentation of M. By applying the functor (—)^ 
on the projective presentation of M, we obtain the following exact sequences: 

dSUl) 0 — >M'^ ^ (Po)^ ^ L —^ 0, 

(151121 0 ^ L ^ (Pi)^ ^ TrcM ^ 0, 

where L = Coker(/^) and a 2 o ai = g'^. As N & Be, Extjj(C', A^) = 0 for all i > 0. By 
applying the functor (—jl := Hom/^(—, A^) on the exact sequences (15.11 11 and (|5.1l 2l. we obtain 
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the following exact sequences: 

dsns) 0 ^ HomR(L,iV) ""4 y\omii{{Poy,N) 4 Hom/j(M^, A^) ^ Ex4(L, A^) ^ 0 


(0141 0 ^ Homij(TrcM, AT) ^ HomR((Pi)^, A^) 4 Homij(L, A^) ^ ExtR(TrcM, AT) ^ 0 


Note that the homomorphism evaluation 9i : Pi Homjj(C', A^) Hom/j((Pj)'^, A^) is an 

isomorphism for i = 0,1. Consider the following commutative diagram with exact rows: 


Pi Hom/j(C, A^) —^ Po®ijHom/j(C,Ar) M (g)/? Hom/j(C, A^) ^ 0 


0 


do 


e 


O^Homfi(L,Ar) Horn rUPo)^, N) 




where /3 = 0 : 2 ^ o 0i. By the exact sequence (15.11 41. Coker(/3) = Coker(a 2 ^) = Ext]^{JrcM, N). 
Now the Snake Lemma implies that ker(0) = Coker(/3) = Ext)j(TrcM, A^). 

Since i/l is surjective and 60 is an isomorphism, we get im(/'^^) = im(0) and so Coker(0) = 
Coker(/^^) = Ext)j(L, A^) by the exact sequence (|5.1l 3l. By applying the functor Homi:j(—,A^) 
on the exact sequence ()5.1l 2l. we obtain the isomorphism Ext)j(P, A^) = Ext|j(TrcM, A^). □ 


Theorem 5.2. Let R be a Cohen-Maeaulay loeal ring with eanonical module ujr. For an R- 
module M of finite Gc-dimension, the following are equivalent: 

(i) M satisfies S^; 

(ii) M is an nth uoR-syzygy module; 

(Hi) M is an nth C-syzygy module; 

(iv) ExtfifTr cM,u:r) = 0 for all i, 1 <i < n; 

(v) Ext^(TrcM, C) = 0 for all i, 1 < i < n; 

(vi) Ext^(Trtj^M, w/j) = 0 for all i, I <i < n. 

Proof. The equivalence of (i), (iii) and (v) follows from Theorem 12.141 

(iv)=>(i). First we prove that M i8>k Homi^(C', w/?) is an nth coR-syzygy module. Applying 
(—)^ := Homi^(—,oiij) to a projective resolution ^ Pn-i —>■•••—>• Po ^ —>■ 0 of 

= Homi^(M, C), implies the following complex 

(15.2[1) 0 —)■ (M^)^ (.fb)^ —>••••—>■ (P„_2)^ —>■ (P„_i)^. 

By Example 12.71 11. ur E Be- Note by Lemma [5T] that M i^r is embedded in if 

n = 1 and M ®r if n > 1. Therefore M 0r is 1st ujR-syzygy if n = 1 and, 

M ig>i? is 2nd coR-syzygy for n > 1. Assume that n > 2. As Extfi{C,iOR) = 0 for all i > 0, 

Extfi(TrcM,ujR) = Exfijf‘^{M'^ jLOr) for all i > 2, by the exact sequence (j2.3[ ll. Therefore the 
complex (j5.2l ll is exact, i.e. M is an nth ojR-syzygy. By Theorem 12.141 M 0rC^ satisfies 
Sn- As Gc-dimj:j(M) < cx), M E A^t by Example 12.7l ivl. Hence M satisfies Sn by Lemma[2T6l 
(i)=>(iv). We argue by induction on n. If n = 1 then it is enough to show that 
Assn(ExtJ^(TrcM, Wij)) = 0. Assume contrarily that p E Assij(Ext)j(Trc'M, wn))- By Lemma 
15.11 depth^^(M (g/j = 0. As Gc'-dimj:j(M) < 00 , M E A(j^ by Example I2.7n vl and so 
depth^p(Mp) = 0 by Lemma [2.161 As M satisfies Pi, we conclude that p E X^{R). Hence 
Ext)j(Trc'M, w/^jp = 0, which is a contradiction. 
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Now, let n > 1. By induction hypothesis, Ext^(TrcM, a;^) = 0 for all i, 1 < i < n — 1. By 
(v), Ext)j(Trc'M, C) = 0. As noted, after Lemma 12.121 there is a universal pushforward 

(lOlIl 0— >M —— >N —^0. 

of M with respect to C. As Ext)j(A^, C) = 0, the exact sequence (15.21 11 implies the exact 
sequence 

(1512121 0 ^ TrciV ^ Tr^M ^ 0, 

by [3 Lemma 2.2]. Note that N has finite Gc-dimension. As M satisfies Sn and Ext)j(A^, C) = 0, 
it is easy to see that N satisfies Sn-i- Induction hypothesis on N, gives that Ext^(TrciV, lor) = 0 
for alH, 1 < f < n — 1. Finally, the exact sequence (15.21 21 implies that Ext^(TrcM, wr) = 0 for 
all i, 1 < i < n. 

Note that < oo. Hence, the equivalence of (i), (ii) and (vi) follows from 

Theorem 12.141 □ 

As a consequence, we can generalize [3 Theorem 4.2] as follows. 

Corollary 5.3. Let {R,m) be a Cohen-Macaulay local ring of dimension d. Assume that M is 
a stable R-module of finite Gc-dimension such that Horn j^jM, C) = 0, then the following are 
equivalent: 

(i) M satisfies Sni 

(ii) M is horizontally linked and H]„(AM C) = 0 for all i, d — n < i < d. 

Proof. We may assume that R is complete with canonical module ujr. By Example O^i), 
u}R € Be and so Extfi{C,u:ji) = 0 for all i > 0. By [El Theorem 10.62], there is the following 
spectral sequence: 

Ef’" = Ext^(Torf(TrM,C),WH) ^ Ext^(TrM, HomR(C, a;^)) 
and so we get the following exact sequence: 

(|5311) 0 Ext)j(TrM C, ujr) Ext)j(TrM, HomHlC, ur)) HomnCTorf (TrM, C),ujr), 

by [El Theorem 10.33]. As Torf(TrM, C) = Hpm^(M, C) = 0, we obtain the following exact 
sequence 

Ex4(TrcM,a;ij) ^ Ext)j(TrM Or C, wr) 

^ = Ext)j(TrM, HomR(C, wr)), 

by (|5.3[ ll and Remark l2.11f iL By theorem 12.21 M is horizontally linked if and only if 
ExtR(TrAf, i?) = 0. As Gc-dimR(M) < oo, M £ Act by Example I2.7r ivl. By Theorem 14.11 
ExtR(TrM, i?) = 0 if and only if ExtR(TrM, HomR(C', wr)) = 0 and this is equivalent to say that 
ExtR(Trc'M, wr) = 0 by (|5.3[ 2). By Remark 12.llf ii). we have the following isomorphism: 

(|5.3[ 3l ExtR(AM Or C,u}r) = Ext^^(Trc'M, wr) for all f > 0. 

By Theorem 15.21 M satisfies if and only if ExtR(TrcM, cur) = 0 for all f, 1 < f < n and 
this is equivalent to say that M is horizontally linked and ExtR(AM Oj? C,lor) = 0 for all i, 
l<i<n — Iby (15.31 21 and (|5.3[ 3l. Now the assertion is clear by the Local Duality Theorem 
[3[ Corollary 3.5.9]. □ 

As an immediate consequence, we have the following results. 
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Corollary 5.4. Let (-R,m) be a Cohen-Macaulay local ring, o a Gc-porfect ideal of R. Set 
K = C). Assume that M and N are R/a-modules such that M N and 

Horn K) = 0. If Gc-dimfl(M) < oo then M satisfies Sn if and only if <8)_r K) = 0 

for all i, dim(i?/a) — n < i < dim(i?/o). 

Proof. This is clear by Corollary 15.31 and Theorem 13.151 □ 

Note that, for a horizontally linked module M over a Cohen-Macaulay local ring R, the 
properties Sk and (S'fc) are identical. 

Corollary 5.5. Let {R,m) be a Cohen-Macaulay local ring and let I and J be two ideals of R 
linked by the zero ideal. Assume that idi?p(C'p) < oo for all p G X^{R) and that satisfies Si. 
IfGc-d \mji{R/I) < oo, then the following are equivalent: 

(i) R/I satisfies (Sn); 

(a) = 0 for all i, d — n < i < d. 

Proof. This is clear by Corollary 15.31 and Lemma 13.111 □ 

Theorem 5.6. Let R be a Cohen-Macaulay local ring. Assume that M is a horizontally linked 
R-module of finite Gc-dimension and that AM G Ac (e.g. Xc-idH(AM) < oo). The following 
are equivalent: 

(i) M is maximal Cohen-Macaulay; 

(ii) AM is maximal Cohen-Macaulay; 

(Hi) M satisfies (Sn) for some n > depth R — depth^(AM); 

(iv) AM satisfies {Sn) for some n > depth R — depth^(M). 

Proof. The equivalence of (i), (ii) and (iv) follows from [5l Corollary 4.7]. 

(iii)=i>(ii). By Example I2.7l ii. TrM G Ac, and so Hom^(M, C) = Torf(TrM, C) = 0. By 
Corollary 15.31 H(„(AM C) = 0 for all i, depth!? — n < i < depth!?. Set t = depth^(AM). 
Note that depth^(AM C) = t hy Lemma 12.161 Hence H]^(AM C) = 0 for all i, i < t. 
As t > depth R — n, we conclude that AM C is maximal Cohen-Macaulay. Therefore AM is 
maximal Cohen-Macaulay by using Lemma 12.161 again. 

(i)=i>(iii). If M is maximal Cohen-Macaulay then M satisfies {Sn) for all re. □ 

The following is a generalization of m Theorem 10]. 

Theorem 5.7. Let {R,m) be a Cohen-Macaulay local ring of dimension d > 2 and M a hori¬ 
zontally linked R-module. Assume that Gcp-dimRp(Mp) < oo for all p G Spec(!?) — {m} and that 
AM G Ac ■ Then the following statements hold true: 

(i) M is generalized Cohen-Macaulay if and only if XM is; 

(ii) If M is generalized Cohen-Macaulay, then 

H^(M) ^ Ex4(AM, R) for alli,{)<i< d, 

H^(AM) ^ Ex4(M, R) for alli,0<i< d; 

In particular. If M is not maximal Cohen-Macaulay, then depth^(M) = r. grade(AM). 
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Proof. By |22l Lemma 1.2 , Lemma 1.4], M is generalized Cohen-Macaulay module if and only 
if Mp is a maximal Cohen-Macaulay module i?p-module for all p G Spec(i?) — {m}. Hence the 
first assertion is clear by Corollary 15.61 

(ii) If M is generalized Cohen-Macaulay, then Gc'p-dimRp(Mp) = 0 for all p G Spec(i?) — {m} 
by Theorem 12. 5lf ivL Hence HJn(M) = Ext^(AM, i?) for alH, 0 < i < d by Corollary 13. lOl iil. By 

Theorem 14.51 G-dim/jp(Mp) = 0 for all p G Spec(i?) — {m} and so Ext)j(M, i?) is finite length for 

all i > 0. Now the second isomorphism follows from [H Theorem 4.4]. □ 

As an immediate consequence, we haye the following result. 

Corollary 5.8. Let (i2, m) he a Cohen-Macaulay local ring, c a Gc-perfect ideal of R. Set K = 
Ext^^^'*^^'^^(i?/c, C). Assume that M, N are R/c-modules such that M ~ N. //Gc'-dim^(M) < 
oo and N G Ak, then the following statements hold true: 

(a) The following are equivalent: 

(i) M is Cohen-Macaulay; 

(ii) N is Cohen-Macaulay; 

(Hi) M satisfies (Sn) for some n > depth(i?/c) — depth^/j(A'); 

(iv) N satisfies (Sn) for some n > depth(i?/c) — depth^/^(M). 

(b) If dim R/c > 2, then M is generalized Cohen-Macaulay if and only if N is. Moreover, if M 
is generalized Cohen-Macaulay, then 

H^(M) ^ Ex4/,(iV, R/t) for alli,0<i< d. 

In particular, if M is not Cohen-Macaulay then depth^(M) = r. grade^/j(A'). 

Proof. This is clear by Theorem 15.61 Theorem 15.71 and Theorem 13.151 □ 

Note that if c is a Gc-Gorenstein ideal then K = Ext|j^^'*^^'^^(i?/c, C) = R/c. Hence Theorem 
ll.2l is a special case of Corollar d5.8l 
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